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In this paper we study a model of necrotic tumor growth. The tumor comprises
necrotic cells which occupy a radially symmetric core and life proliferating cells
which occupy a radially symmetric shell adjacent to the core. The proliferating cells
receive nutrients through diffusion from the outer boundary as well as by means of
blood flow through a network of capillary vessels. The mathematical model
describes the evolution of the nutrient concentration  between the boundary of
Ž . Ž .the necrotic core r  t and the outer boundary of the tumor r R t ; within
the core itself the concentration is a constant   , a level under which lifenec
Ž . Ž .cells cannot be sustained. Both of the surfaces r  t and r R t are free
boundaries, which are unknown in advance. Under some assumptions on the
Ž .parameters, we prove that i there exists a stationary solution with radii r  ,s
Ž .r R ; ii for any initial data near the stationary solution, the time dependents
Ž . Ž . Ž .model has a unique solution  r, t with free boundaries r  t , r R t ; and
Ž . Ž . Ž .iii  t   and R t  R as t .  2001 Academic Presss s
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1. THE MODEL
In this paper we study a model of the growth of a necrotic tumor in the
 absence of inhibitors recently proposed by Byrne and Chaplain 7 . The
Ž .tumor consists of a spherical core of dead cells necrotic core and a
Žspherical shell of life-proliferating cells surrounding the core nonnecrotic
.shell . The nonnecrotic region receives its blood supply through a devel-
Ž .oped network of capillary vessels vascularized tumor . The blood supply
provides the nonnecrotic region with nutrients. On the other hand, there is
no blood supply within the necrotic region, and the concentration of
nutrients within it is at a constant level, the threshold level below which
proliferating life-cells cannot be sustained. The boundaries of the necrotic
Ž . Ž   Ž ..core r  t where r x , x x , x , x and of the outer nonnecrotic1 2 3
Ž .shell r R t are free boundaries, unknown in advance. An earlier model
 was developed by Greenspan 13 .
The present paper develops mathematical techniques for a rigorous
analysis of transient and stationary solutions to such models with two free
boundaries. In the particular model under study they allow us to confirm,
 but also to significantly extend, the results obtained in 7 through numeri-
cal studies.
Ž  As in other models developed in the past few decades see, e.g., 16, 13
.and the references cited there , Byrne and Chaplain represent the tumor’s
evolution by means of the levels of diffusing nutrient concentration. Their
model also takes into account the possible bloodtissue nutrient transfer
that occurs in io through angiogenesis as described and modelled in 3,
 ŽChap. 5; 4 . Angiogenesis is a process by which tumors induce blood
vessels to sprout capillary tips which migrate toward, and penetrate into,
.the tumor, thus providing it with a circulating blood supply. Further, their
model includes a well-motivated cell loss mechanism, apoptosis or shrink-
age necrosis, in the nonnecrotic region and cell loss in the necrotic region.
However, in contrast with previous models, the present model includes two
Ž . Ž .free boundaries, r  t , the boundary of the necrotic core, and r R t ,
Ž .the outer boundary of the tumor.
 As in 7 , after nondimensionalization, the nutrient concentration,
Ž . r, t , will satisfy the reactiondiffusion equationˆ
 1  ˆ ˆ
21.1 c  r H r  t        ,Ž . Ž .Ž . Ž .ˆ ˆB 02 ž / t  r  rr
Ž . Ž . Ž .where H s is the Heaviside function, H s  0 if s 0 and H s  1 if
Ž .s 0. Here the constants  and  denote the dimensionless nutrientB
concentration in the vasculature and the rate of nutrient-in-blood tissue
Ž .transfer per unit length, respectively. Thus     accounts for theˆB
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Ž .transfer of nutrients by means of the vasculature in the nonnecrotic shell ,
whose presence stems from angiogenesis. The term   is the nutrientˆ0
consumption rate, and c T T is the ratio of the nutrientdiffusion growth
Ž .diffusion time scale to the tumor growth e.g., tumor doubling time scale.
Ž  .Note that, typically, T 	 1 min see 3, pp. 194195 while T 	 1diffusion growth
day, so that c 1.
Ž .In 1.1 ,
1  
2r2 ž / r  rr
is meant to denote the radial part of the Laplace operator in three
dimensions, and therefore one must include the condition
ˆ
1.2 0, t  0.Ž . Ž .
 r
In the following we take
 r , t  const.   0 if r  tŽ . Ž .ˆ nec
and assume initially that
 r , 0   if 0 r  0 .Ž . Ž .ˆ nec
Then, by the maximum principle,
1.3  r , t   if 0 r  t , t 0.Ž . Ž . Ž .ˆ nec
Ž . Ž . Ž .We shall also prove that  r, t  0 if  t  r R t , so thatrˆ
1.4  r , t   if  t  r R t , t 0.Ž . Ž . Ž . Ž .ˆ nec
Assuming that the mass density of cells is constant in the nonnecrotic
region, the principle of conservation of mass coincides with the principle of
conservation of volume. A reasonable simplified approach to this principle,
 developed in 13 , gives the relation
1.5Ž .
d 4 2 Ž .R t3 2 3R t  S  r sin 	 dr d	 d
M   t ,Ž . Ž . Ž . Ž .ˆH H H necž /dt 3 Ž .0 0  t
Ž .where S  denotes the cell proliferation rate within the nonnecroticˆ
Ž .region of the tumor and M  represents the cell loss due to necrosis.nec
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Ž  .We should clarify cf. 7 that whereas apoptosis refers to natural cell
death caused, for example, by aging, necrosis represents cell death caused
by the microenvironment which occurs, for example, when the level of
nutrient concentration is below the critical value necessary to sustain the
cell.
 For simplicity we restrict ourselves to the proliferation rate 6, 7
˜1.6 S      ,Ž . Ž . Ž .ˆ ˜0
˜where  and  are positive constants. This means that the cell birthrate˜0
˜Ž .is   while the cell death rate apoptosis is given by   . We also setˆ ˜0 0
1.7 4M  ,  0.Ž . Ž .nˆec
Finally, the external nutrient concentration is assumed to be a constant  ,
so that
1.8   at r R t .Ž . Ž .ˆ
The above model in the nonnecrotic case was studied, using rigorous
 mathematical methods, by Friedman and Reitich 12 ; the case where
inhibitors are present was studied, using rigorous mathematical analysis, by
 Cui and Friedman 8 . In both of these papers the existence of stationary
solutions was established and their asymptotic stability was analyzed. The
present paper is written in the same spirit. However, the mathematical
analysis turns out to be far more intricate due to the presence of two free
boundaries.
It will be convenient to work with the function
B
 ˆ
 0
and the quantities
 B B˜  ,   ,˜ ˜
   0 0
B
    ,    .0 nec 0 0
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Choosing also, for definiteness,   1, we can rewrite the model in the0
form
 1  
21.9 c  r   H    0,Ž . Ž .02 ž / t  r  rr
a.e. for 0 r R t , t 0,Ž .

1.10 0, t  0 if t 0,Ž . Ž .
 r
1.11  R t , t   if t 0,Ž . Ž .Ž .
1.12  r , t   if 0 r  t , t 0,Ž . Ž . Ž .0

1.13 r , t  0 if r  t ,Ž . Ž . Ž .
 r
1.14Ž .
dR tŽ . Ž .R t2 2 3R t   r , t   r dr  t , t 0,Ž . Ž . Ž .Ž .˜Hdt Ž . t
with initial data
0  0  R 0 ,Ž . Ž .
1.15  r , 0   if 0 r  0 ,  R 0 , 0   ,Ž . Ž . Ž . Ž .Ž .0
   r , 0   if  0  r R 0 .Ž . Ž . Ž .0
Ž . Ž .Of course, as long as  t remains positive the condition 1.10 is
automatically satisfied.
Ž .Note that 1.13 means that  r is continuous from both sides of
Ž . Ž .r  t and its value at r  t is zero.
Ž . Ž . Ž .We shall prove later on that  r, t 
 0, so  t is such that  r, t  r 0
Ž . Ž . Ž . Ž . Ž .if 0 r  t and  r, t   if  t  r R t ; cf. also 1.4 . As a0
Ž .consequence we could replace 1.9 with
1.16Ž .
 1  
2c  r   0 if  t  r R t , t 0.Ž . Ž .2 ž / t  r  rr
Ž .Since on the free boundary r  t we have the two boundary conditions
1.17   t , t   ,   t , t  0, t 0,Ž . Ž . Ž .Ž . Ž .0 r
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 is also a solution of the parabolic variational inequality
 1  
2c  r  
 0, 
  ,02 ž / t  r  rr
 1  
21.18 c  r      0Ž . Ž .0ž / t r  r  r
a.e. for 0 r R t , t 0.Ž .
Ž . ŽFor a given R t , this variational inequality has a unique solution satisfy-
Ž .. Ž  .ing the given initial data and 1.11 see 11, Chap. 1 ; however, in our
Ž .case the curve r R t is not given and, in fact, it is a free boundary. This
complicates substantially the proof of the existence of a solution to the
time dependent problem.
The structure of the paper is as follows: In Section 2 we establish the
Ž . Ž .existence and uniqueness of a stationary solution to 1.9  1.14 , under
certain assumptions on the parameters. The remaining part of the paper is
Ž Ž . Ž . Ž ..devoted to proving that if the initial data  r, 0 , R 0 ,  0 are ‘‘close
Ž Ž . .enough’’ to a stationary solution  r , R ,  then a global solution tos s s
Ž . Ž .1.9  1.15 exists, and any such solution converges to the stationary
solution as t . Below we elaborate in more detail on the outline of the
proof.
Ž . Ž .In Sections 3 and 4 we consider the free boundary problem 1.9  1.13
Ž . Ž . Žwith initial data 1.15 and with the fixed boundary r R t ‘‘Problem
Ž . .R ’’ and prove that it has a unique solution and that the free boundaryT
Ž .  0Ž . Ž .r  t is in C . It is assumed that the initial data  r   r, 0 and
Ž . Ž . Ž .R t satisfy a set of conditions, 3.5 and 3.7 , respectively.
In Section 5 we prove that if c is small enough then the free boundary
Ž . Ž . 0Ž .problem 1.9  1.15 has a unique solution provided  r satisfies the
Ž . Ž .condition in 3.5 and that the solution exists as long as R t remains in an
Ž .interval R , R which contains the point R ; here R  R is assumed to0 1 s s 0
Ž . Ž .be small but independent of c . Both free boundaries r R t and
Ž . r  t are proved to be in C .
Ž .Making the additional assumption 6.1 , we derive in Section 6 the a
 Ž . priori bound d t dt N, where N is a constant independent of c.
This bound allows us, in Section 7, to prove that for the solution estab-
Ž . Ž .lished in Section 5 R t never leaves the interval R , R ; consequently,0 1
the solution exists for all t 0. Finally, in Section 7 it is shown that the
solution converges to the stationary solution as t  and that the rate of
'K tconvergence is e , where K is a positive constant.
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2. STATIONARY SOLUTIONS
Ž  . Ž Ž . .As may easily be verified see 7 , if  r ,  , R is a stationarys s s
Ž . Ž .solution of 1.9  1.14 then
A ' ' '2.1  r  sinh  r     cosh  r Ž . Ž . Ž . Ž .Ž . Ž .s s s sr
for   r R ,s s
  for 0 r  ,0 s
' Ž .where A   , so that the condition  R   becomes0 s s
 ' ' ' '2.2  R  sinh  R      cosh  R   .Ž . Ž . Ž .Ž . Ž .s s s s s s0
Ž .Finally, the condition 1.14 yields the relation
2.3Ž .
0 ' ' R   cosh  R    R   1Ž . Ž . Ž .Ž .s s s s s s32
˜
3 3 3'sinh  R    R      0.Ž . Ž .Ž .s s s s s3
Setting
' '2.4   R ,    ,Ž . s s
Ž . Ž .Eqs. 2.2 and 2.3 become

2.5 sinh     cosh     ,Ž . Ž . Ž .
0
2.6   cosh     1 sinh  Ž . Ž . Ž . Ž . Ž .
 ˜
3 3 3      .Ž .
3 0 0
We now summarize.
Ž Ž . . Ž . Ž .LEMMA 2.1.  r , R , P is a stationary solution of 1.9  1.14 if ands s s
Ž . Ž . Ž Ž ..only if  r is gien by 2.1 where R and  satisfy with the notation 2.4s s s
Ž . Ž .the equations 2.5 and 2.6 .
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Ž . Ž .We now proceed to determine the solutions of 2.5 and 2.6 , setting
  ˜
2.7 a , b ,  .Ž .
  0 0 0
We shall henceforth make the natural assumption that  1.
If we define
   , i.e.,    ,
Ž . Ž .then 2.5 and 2.6 reduce to
2.8 sinh   cosh    ,Ž .
2.9Ž .
a
2 2 2 3 cosh     1 sinh   3  3   b  0.Ž . Ž .
3
Ž .From 2.8 we get
 sinh 
2.10  .Ž .
cosh  
Ž .Substituting this into 2.9 , we obtain
2.11 f   0,Ž . Ž .
where
2.12Ž .
2 sinh   sinh 
f    cosh     1 sinh Ž . ž / ž /cosh   cosh  
2a  sinh   sinh 
2  3  3  ž / ž /3 cosh   cosh  
3 sinh 
 b .ž /cosh  
We have thus proved
Ž .LEMMA 2.2. The stationary solutions ,  are gien by    and
Ž . Ž . Ž .2.10 where  is the solution of 2.11 , with f defined by 2.12 .
Of course, we are looking only for a solution for which   0; the
corresponding  will be called admissible. Note that  0.
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Ž .LEMMA 2.3. If  is an admissible solution of 2.11 then
sinh 
2.13 cosh   .Ž .

Ž .Proof. Since  0, Eq. 2.10 implies that either
2.14  sinh  0 and cosh   0Ž .
or  sinh  0 and cosh   0. But since, as may easily be veri-
fied,
sinh 
2.15 cosh  ,Ž .

Ž .the second case cannot take place; thus 2.14 must be satisfied and this
Ž .yields 2.13 .
Since  1, there exist unique solutions  ,  of1 2
sinh  2
2.16 cosh    ,   .Ž . 1  2
Ž .By 2.15 , 0    . Lemma 2.3 says that the admissible solutions of1 2
Ž . Ž .2.11 must lie in the interval  ,  ; for such a solution  ,1 2
 sinh   cosh  sinh 
   ,
cosh   cosh  
2.17Ž .
 sinh 

cosh  
Ž . Ž .form a solution of 2.5 , 2.6 with   0. Note that
2 sinh   sinh 
2.18    .Ž . ž /cosh   cosh  
Ž . Ž . Ž .LEMMA 2.4. The functions    ,    defined in 2.17 are
Ž . Ž .strictly monotone decreasing in  ,     . In fact,    0,     01 2
if     , and1 2
2.19 lim    , lim     ,Ž . Ž . Ž . 2
   1 2
2.20 lim    , lim    0.Ž . Ž . Ž .
   1 2
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Ž .Proof. Computing   and using the inequality  sinh  0, we
Ž . Ž .find that    0. Differentiating   we get a fraction with a positive
Ž . 2denominator and with the numerator g   2 cosh    1
Ž . Ž . Ž . sinh  . But g  is negative since g 0  0 and g     sinh 
Ž . Ž . Ž . cosh  0, by 2.15 , so     0. Finally, the verification of 2.19
Ž .and 2.20 is immediate.
Ž . Ž . Ž .COROLLARY 2.5. If ,  is a solution of 2.5 , 2.6 then   .2
We note that
2.21Ž .
 cosh   sinh  a2 2 23lim f  , f     ,Ž . Ž .2 2 3ž /3 1 2
and set
 cosh  sinh 
2.22 m   ,Ž . Ž . 3
so that
a
32.23 f    m   .Ž . Ž . Ž .2 2 2 3
Ž . Ž .LEMMA 2.6. i m   0 for all  0;
1Ž . Ž . Ž .ii lim m   , lim m   . 0 3
Ž . Ž . 6 Ž . 2Proof. We compute that m   h   where h    sinh 
Ž .3 cosh  3 sinh . Since h 0  0 and
h   sinh   2 cosh  0,Ž .
Ž . Ž . Ž .by 2.15 , the assertion i follows. The assertions in ii are rather immedi-
ate.
1Ž .From Lemma 2.6 it follows that m   and, for each a 1, there3
a Ž . Ž .exists a unique   0 such that m   . By combining this with 2.23a a 3
we conclude:
Ž .COROLLARY 2.7. i If a 1 then
1 a  3Ž . 2
f   
 0.Ž .2 3
Ž .ii If a 1 then
f   0 for    ,Ž .2 2 a
f   0 for    .Ž .2 2 a
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Ž . Ž .THEOREM 2.8. i If a 1 then 2.11 has at least one solution in
Ž . ,  .1 2
Ž . Ž  .  Ž .ii If a 1 and  sinh   then 2.11 has at least onea a
Ž .solution in  ,  .1 2
Ž . Ž . Ž .Indeed, i follows from Corollary 2.7 i and the first part of 2.21 . To
Ž . Ž . prove ii note that, by the definition of  in 2.16 ,    so that, by2 2 a
Ž . Ž . Ž .Corollary 2.7 ii , f   0. Now use the first part of 2.21 to complete2
the proof.
We next prove uniqueness.
THEOREM 2.9. If either a 1 or a 1 and  cosh  , then thea
solution established in Theorem 2.8 is unique.
Ž . Ž . Ž .Proof. Using 2.18 and the last equation in 2.17 , we can rewrite 2.12
in the form
2.24Ž .
f  1 aŽ .
3  cosh  sinh     sinh  a  bŽ .3 3 ž /3 
2    cosh  sinh  a sinh 
    a  b.3 ž /ž /   3 
Ž . 3We shall use the last expression to prove that f   is strictly mono-
tone increasing in  , for     .1 2
First note that the functions
    2  
,  1 , and ž / ž /     
are strictly monotone increasing, by Lemma 2.4, and that the function
 cosh  sinh  a
3 3
Ž .is strictly monotone increasing, by Lemma 2.6. Furthermore, sinh   is
also clearly strictly monotone increasing. We can also easily verify that
sinh   cosh  sinh 
2.25  3 for all  0.Ž . 3 
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Consider the case a 1. Then
sinh   cosh  sinh  a a
 a 3   3 m    0Ž .3 ž / 3 3
Ž .so that the expression in brackets in 2.24 is positive and strictly monotone
Ž . 3increasing, and the same then holds for f   .
Consider next the case a 1 with  cosh . Then    by thea 1 a
Ž . Ž . Ž .definition of  in 2.16 , and so, by 2.25 and Lemma 2.6 i ,1
sinh 
  a 3 m  m   3 m  m   0.Ž . Ž . Ž . Ž .a 1 a
Ž . 3Thus f   is again strictly monotone increasing in  . Consequently, in
Ž .both cases f  can have just one zero in the interval     .1 2
3. AUXILIARY PROBLEM
Consider the function
3.1Ž .
1 ' ' 'F R ,   sinh  R     cosh  R  .Ž . Ž . Ž .Ž . Ž .' R
It is easy to see that
F R ,   0, F R ,   0 for 0  R .Ž . Ž .R 
Ž . Ž .By 2.2 , if  , R ,  is a stationary solution thens s s
3.2 F R ,    .Ž . Ž .s s
Consequently, for any 0    with    small, there exists an R ,0 s s 0 0
  R  R , such thats 0 s
3.3 F R ,    .Ž . Ž .0 0
Ž . Ž .In this section we shall consider the problem 1.9  1.13 with initial
Ž . Ž .data as in 1.15 and with R t fixed and prove the existence and unique-
Ž .ness of a solution, with Lipschitz continuous  t , as long as
3.4 R t  R .Ž . Ž . 0
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In the following we assume that the initial nutrient concentration
Ž . 0Ž . r, 0   r satisfies the following conditions:
0 1 3a   C 0, R 0  C  0 , R 0 , R 0  R ,Ž . Ž . Ž . Ž . Ž . 0
b  0 r   if 0 r  0 ,  0   ,  0  R ,Ž . Ž . Ž . Ž . Ž .0 0 0
F r , Ž .00c  r   if   r R ,Ž . Ž . 0 0F R , Ž .0 0
0 r   if R  r R 0 ,Ž . Ž .0

0d  r  0 if  0  r R 0 ,Ž . Ž . Ž . Ž .
 r
3.5Ž .
0e  R 0   ,Ž . Ž .Ž .
0 1   rŽ .
0 2 0f A  r 
 r   rŽ . Ž . Ž .2 ž / r  r  rr
if  0  r R 0 for some positive constant A.Ž . Ž .
Ž . Ž .Note that, by our assumptions,    0  R  R 0 . Note also that0 0
Ž . Ž . Ž .c is consistent with b and e since
F r , Ž .0
   if   r  0 ,Ž .0 0F R , Ž .0 0
Ž . Ž . Ž . Ž .as F r,   F  ,   1, whereas F R ,     by 3.3 . The0 0 0 0 0 0
Ž .  0  inequality c in fact holds if    is sufficiently small. WeL Ž  Ž0., RŽ0..s
Ž .finally observe that the condition 3.5f is satisfied if and only if
 2
0 03.6   0    0  0.Ž . Ž . Ž .Ž . Ž .2 r
0Ž .This condition holds if  r is a stationary solution; see also Remark 3.2.
Ž .In this section and in the following one we assume that R t is a given
function satisfying the following conditions:
12  a R C 0, T , 0  1,Ž .
b R  R t  R for 0 t T R is given ,Ž . Ž . Ž .0 1 1
3.7Ž .
0 0 1  
2˙c R 0  r   .Ž . Ž . 2 ž / r  r  rr Ž .rR 0
MODEL OF NECROTIC TUMOR GROWTH 649
˙Ž Ž ..The last condition on R 0 arises from
d
0  R t , t as t 0Ž .Ž .
dt
0Ž .and is a natural consistency condition between the initial data  r and
Ž Ž . .the boundary data  R t , t   ; it will allow us to use the Schauder
Ž Ž . .estimates up to the boundary at R 0 , 0 .
0Ž . Ž . Ž . Ž .DEFINITION 3.1. Given  r as in 3.5 and R t as in 3.7 , the
Ž . Ž . Ž . Ž .problem of solving 1.9  1.13 for  ,  for 0 t T with  r, 0 
0Ž . Ž . r will be called Problem R .T
Ž . Ž .THEOREM 3.1. There exists a unique solution to Problem R ,  ,  ,T
proided that T is sufficiently small, and
3.8    t , 0 t T ,Ž . Ž .0
3.9 0  r , t  K if  t  r R t , 0 t T ,Ž . Ž . Ž . Ž .r 0
3.10Ž .
 r , t  K r , t  C if  t  r R t , 0 t T ,Ž . Ž . Ž . Ž .t r
3.11  t  C a.e. for 0 t T ,Ž . Ž .˙ 1
where K is a constant independent of T and c, and K , C, C are constants0 1
which depend on T , c.
Ž . Ž .Proof. Let H s be C , functions for 0  1, such that
H  s 
 0,Ž .
H s  1 if s
  ,Ž .
H s  0 if s 0,Ž .
and let
Q  0 r R t , 0 t T . 4Ž .T
Consider the equation
3.12 c    H    0 in QŽ . Ž .t  0 T
with boundary and initial conditions
  if r R t , 0 t T ,Ž .
3.13Ž .
 r , 0   0 r if 0 r R 0 .Ž . Ž . Ž .
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Ž . Ž . pThe system 3.12 , 3.13 has a unique solution  , and, by the L
 estimates 14 ,
3.14Ž .
2
p p p p         D   D   D   CL ŽQ . L ŽQ . L ŽQ . L ŽQ . x  x  t T T T T
for any 1 p , where C is a constant independent of  . By the
maximum principle we also have
3.15      in Q ,Ž . 0  T

3.16  0 at r R t , 0 t T .Ž . Ž .
 r
We can then take a sequence    0 such that    uniformly 
2 2 Ž .in Q , and D  D  , D  D  , D  D  , H     T t   t x   x x   x    0
pŽ .weakly in L Q , where  is a bounded measurable function, so thatT
3.17Ž .
2
p p p p         D   D   D   CL ŽQ . L ŽQ . L ŽQ . L ŽQ .x x tT T T T
and
c    0 a.e. in Q .t T
 4 ŽFrom the last equation it follows that  0 a.e. on the set   since0
2  4.D  0, D  0, D  0 a.e. on the set   . Also,  1 on thet x x 0
 4 Ž Ž .  4 Ž .set   since H     1 on any set 
     0 if 0   0 0
. Ž . Ž Ž .is sufficiently small . Consequently, H   a.e. recall that H 00
. 0 , and thus
3.18 c    H    0 a.e. in Q .Ž . Ž .t 0 T
Clearly,     and, by the maximum principle,0
3.19     in Q ,Ž . 0 T

3.20  0 at r R t , 0 t T .Ž . Ž .
 r
Next we apply the maximum principle to     r. Since
2
c      G  0,t 2r
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Ž .Ž Ž .. where G dds sH s s 
 0, ands 0 
 0 on r R tŽ .
Ž .by 3.16 ,
 r , 0 
 0Ž .
Ž .by 3.5d , we conclude that
 
 0 in Q ,T r
so that also

3.21 
 0 in QŽ . T r
and, by strong maximum principle,

 43.22  0 in Q    .Ž . T 0 r
Defining
3.23  t  inf r ;  r , t   , 4Ž . Ž . Ž . 0
we conclude that
 r , t   if and only if 0 r  t .Ž . Ž .0
Ž . Ž .Later on we shall prove that  t is continuous, and then 3.18 will hold
Ž .everywhere for r	  t .
Ž .Uniqueness follows from the fact that the function  H   is0
monotone increasing in  .
Ž .We next prove 3.8 . Consider the function
 F r , Ž .0
u r , t  u r  for   r RŽ . Ž . 0 0F R , Ž .0 0
  for 0 r  .0 0
Ž .It is easily seen that u r is continuously differentiable at r  and0
u  u uH u   0 if 0 r R ,Ž .t 0 0
u R , t   ,Ž .0
0u r , 0 
  r by 3.5c .Ž . Ž . Ž .Ž .
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Hence, by comparison,
 r , t  u r for 0 r R , t
 0,Ž . Ž . 0
Ž . Ž .and, in particular,  r, t   if r  , so that 3.8 holds.0 0
Ž .To prove the upper bound on  , in 3.9 , consider the functionr
 r , t   r , ct .Ž . Ž . 
It satisfies
T˜   H    0, 0 r R t , 0 t ,Ž . Ž .t  0 c
˜ pŽ . Ž .where R t  R ct . The L parabolic estimates hold for  in any region
T˜  40 r R t , max a, 0  t a 1, for any a  1,Ž .
c
Ž with a bound independent of a and c. By interpolation see 14, Lemma
.3.3 we then have
 T ˜3.24  K , r R t , 0 t ,Ž . Ž .0
 0 r cC
for some   0, where K is a constant independent of c. Taking  0,0 0
we obtain the bound   K.r
Ž . Ž . ŽFor any 0   consider the system 1.9  1.13 with obvious0
.modification in the domain
Q   r R t , 0 t T . 4Ž .T , 
All the results established above hold also for this new problem. Denoting
Ž .the solution by  r, t and extending it by  to r  , it is clear that the 0
Ž .extended function is a solution to problem R , so that by uniquenessT
3.25  r , t   r , t .Ž . Ž . Ž .
Ž . Ž .We shall next use 3.25 in order to prove 3.10 . Consider the function
  ,   , M t c K
e  K
 0, M 0 ,Ž .
 r  t
MODEL OF NECROTIC TUMOR GROWTH 653
where  is the solution  in Q with    on r  . Then ,   T ,   ,  0
2  , 
c  G M  0 in Qt T , 2ž /  rr
2 Ž .if M 2 , where G
 0 since the function s sH s  is mono- 0
tone increasing. We assert that
' r , 0 
 0 if K

 Ac, for r  0 and r  0  C  ,Ž . Ž . Ž . 0
Ž .where C is a constant independent of  . Indeed, by 3.6 and Taylor’s0
formula,
1 2 30 r 
    r  0 O r  0Ž . Ž . Ž .Ž . Ž .Ž .0 02
Ž .for r  0 , so that
 0 r   0 r   and H  0 r    1Ž . Ž . Ž .Ž . 0
' 'Ž .  Ž .  Ž .if r
  0  C  . Hence,  r, 0  t , for r  0  C  , is given0  ,  0
Ž . Ž .by the right-hand side of 3.5f , so that  r, 0 
 0 if K

 AC. For
Ž . Ž . Ž .r  0 ,  r, 0 is clearly equal to zero. Next, by 3.20 ,
 , 
R t , t 
 C  0Ž .Ž . 0 r
so that
 R t , t 
 0Ž .Ž .
if K
 is sufficiently large. Finally, since    on r  , which implies ,  0
Ž .that   t 0 on r  , we also have   , t 
 0. Let  be the ,  
solution of
c  G 0 in Q ,t T , 
with zero values on the parabolic boundary of Q , except forT , 
' r , 0  1 for  0  r  0  C  .Ž . Ž . Ž . 0
We can apply the maximum principle to  A in Q where A is a T , 
Ž .sufficiently large constant independent of  , and conclude that  A

 0 in Q .T , 
As  0,   0 and we obtain the inequality
3.26  r , t  K r , t a.e. in  ,Ž . Ž . Ž .t r T
where K K
e M T c.
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Ž . Ž . Ž .Having proved 3.10 we now take any level curve r  t of  r, t 
Ž .  ,  0. By 3.26 ,0
d t
 t   KŽ .dt  Ž .r tr 
so that
  t   t  K t  t .Ž . Ž . 2  1 2 1
Ž . Ž .  Ž . Ž .   Since  t   t as  0, it follows that  t   t  K t  t , 2 1 2 1
Ž .and the proof of 3.11 is complete.
Ž .Remark 3.1. Existence and uniqueness for Problem R follow alsoT
from the variational inequality formulation of the problem, by standard
 results for parabolic variational inequalities 11 .
ŽRemark 3.2. From the general theory of variational inequalities see
 .11, Chap. 1 it follows that  is continuous across the free boundary, sor
Ž Ž . . Ž .that   t  0, t  0. It follows from 3.26 that  is also continuousr t
Ž . Ž Ž . .across the free boundary r  t , i.e.,   t  0, t  0, so that, byt
Ž . Ž Ž . .3.18 ,   t  0, t   . This equation for t 0 coincides with ther r 0
Ž .assumption 3.6 .
Ž . 4.  t IS IN C
Ž .THEOREM 4.1. Under the assumptions of Theorem 3.1, the function  t
Ž is in C 0, T .
 A similar result for the Stefan problem was proved by Schaeffer 15 .
Proof. Let
y r  t , U y , t   y  t , t   ,Ž . Ž . Ž .Ž . 0
4.1Ž .
R t  R t   t , b   ,Ž . Ž . Ž .1 0
and introduce the domains
Q0  0 y R t , 0 t T , 4Ž .T 1
Q 0 y R t   , 0 t T 4Ž .T 1
MODEL OF NECROTIC TUMOR GROWTH 655
for any small  0. Then
4.2Ž .
2
0cU U   c t U  U   0 in Q ,Ž .˙t y y y 0 Ty  tŽ .
4.3 U R t , t   if 0 t T ,Ž . Ž .Ž .1
U
4.4 U 0, t  0, 0, t  0 if 0 t T ,Ž . Ž . Ž .
 y
4.5 U y , 0 U y   0 y  0 for 0 y R 0 .Ž . Ž . Ž . Ž . Ž .Ž .0 1
Ž .Since the leading coefficients in 4.2 are smooth and the lower order
Ž Ž . Ž .. pcoefficients are bounded recall 3.8 and 3.11 , we have, by the L
boundary estimates,
U, U , U , U , U  L p Q for any 1 p Ž .t y y y t T
   , 2and, by embedding 14, Chap. 2, Lemma 3.3 , U  C for any 0 y y, t
 1.
Consider next the function wU . This satisfiesy
4.6Ž .
2 2
cw  w   c t w   w 0Ž .˙t y y y 2y  tŽ . y  tŽ .Ž .
in Q0 .T
Ž . pSince w 0, t  0 we can again apply L boundary estimates to deduce
that
w , w , w , w  L p Q ,  for any 1 p ,Ž .t y y y T
 ,    4where Q Q  t  . Thus,T T
4.7 U , U , U , U  L p Q , Ž . Ž .y t y y y y y y T
and again, by embedding,
4.8 U  C , 2 .Ž . y y y , t
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Ž .For any 0 t  t  T and sufficiently small y, we integrate 4.2 with1 2
respect to t, t  t t , and divide by t  t to get1 2 2 1
1 t2U y , t dtŽ .H y yt  t t2 1 1
U y , t U y , t 1 2Ž . Ž . t2 1 2 c   c t U y , t dtŽ . Ž .˙H yt  t t  t y  tŽ .t2 1 2 1 1
 t2 U y , t dt  .Ž .H 0t  t t2 1 1
Ž . Ž .Taking y 0 and using 4.4 and 4.8 , we obtain
1 t2U 0, t dt  .Ž .H y y 0t  t t2 1 1
Letting t  t  0, we deduce that2 1
4.9 U 0, t   , 0 t T ,Ž . Ž .y y 0
Ž . Ž .and, by 4.2 , 4.4 , also that
4.10 U 0, t  0, 0 t T .Ž . Ž .t
Consider next the function zU . This satisfies a parabolic equationy y
Ž . Ž .obtained from 4.6 by differentiation with respect to y. Since, by 4.9 ,
Ž . pz 0, t   , we can apply L estimates to z and, as before, deduce that0
Ž Ž ..cf. 4.8
4.11 U  C , 2 .Ž . y y y y , t
Ž .Next we integrate 4.6 with respect to t, t  t t , and let y 0. We1 2
Ž . Ž . Ž .get, after using 4.4 , 4.9 , and 4.11 ,
1  2t t02 2 U 0, t dt  c t dt 0.Ž . Ž .˙H Hy y yt  t t  t y  tŽ .t t2 1 2 11 1
Taking t  t  0 we conclude that2 1
2
4.12 U 0, t    c t  0.Ž . Ž . Ž .˙y y y 0  tŽ .
Ž . 12Ž Recalling 4.11 , we deduce that  C 0, T .
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This allows us to repeat the above process with C 2 Schauder esti-
p Ž .mates instead of L estimates. Hence the functions in 4.7 and their
y-derivatives are in C , 2. In particular, U is in C , 2 so that, byy, t t y y y y, t
Ž . 12Ž  22Ž 4.12 ,  C 0, T or  C 0, T .˙
We can now repeat the above process with C 3 Schauder estimates
Ž 2 . Ž Ž .. 4 Ž instead of C to deduce from 4.12 that  C 0, T . Proceeding
Ž . Ž step by step, we find that  t is in C 0, T .
Ž .THEOREM 4.2. Under the assumptions of Theorem 3.1,  t is continu-
ously differentiable up to t 0.
Proof. The proof will be based on an integral equation representation
Ž . Ž Ž . .for  t or, rather, for   t , t .r t
ŽTo derive the integral equation we shall use the fact proved in Sections
. 0, 1  Ž 3 and 4 that  C 0, T  C 0, T . By differentiating the relation
Ž Ž . . Ž Ž ..  t , t   we get cf. 4.10 that0
4.13   0 on r  t .Ž . Ž .t
Ž Ž . .Next, differentiating the relation   t , t  0, we getr
    0˙r r r t
and, since
2
     c  0 on r  t ,Ž .r r r tr
we obtain the relation
4.14     0 on r  t .Ž . Ž . Ž . Ž .˙t 0r
The function
4.15  rŽ . t
is easily seen to satisfy the equation
˜4.16 c     0 in Ž . t r r R , T
where
˜  r , t ;  t  r R t , 0 t T 4Ž . Ž . Ž .R , T
CUI AND FRIEDMAN658
Ž . Ž .and, by 4.13 , 4.14 ,
4.17Ž .
 0,   B 0 on r  t , 0 t T B  .Ž . Ž .˙r 0
Furthermore,
4.18Ž .
0 0 0 r , 0  r  r   r   r ,  0  r R 0 .Ž . Ž . Ž . Ž . Ž . Ž .
We introduce the fundamental solutions
1 2 cŽ x . 4Ž t .'G x , t ;  ,   c eŽ . 12½ 4 t Ž .
1 2c Ž x . 4Ž t . Ž t . c e e .12 54 t Ž .
Next we let
R 0   0Ž . Ž .
  0 Ž .
2
so that
R 0   0 R 0   0Ž . Ž . Ž . Ž .
 t    R t  , 0 t T ,Ž . Ž .
4 4
if T is small enough, and introduce a change of variables,
4.19 x  r , W x , t   r , t , s t    t .Ž . Ž . Ž . Ž . Ž .
Ž .The pair W, s forms a solution of the Stefan problem
W W  W 0, 0 x s t , 0 t T ,Ž .t x x
W 0, W B  s s if x s t , 0 t T ,Ž . Ž .˙x
W x , 0  w0  x , 0 x s 0 .Ž . Ž . Ž .
  Ž . Ž Ž . .As in 9, 10 , we can represent V t W s t , t in the formx
t 4.20 V t  2 V  G s t , t ; s  ,  dŽ . Ž . Ž . Ž . Ž .Ž .H x
0
t  2 W 0,  G s t , t ; 0,  dŽ . Ž .Ž .H x
0
Ž .s 0  2 G s t , t ;  , 0 W  , 0 dŽ . ŽŽ .Ž .H 
0
 2G s t , t ; 0, 0 W 0, 0 .Ž . Ž .Ž .
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Ž .Here we used the smoothness of W up to x s t , t 0, the Lipschitz
Ž . Ž Ž . .continuity of s t up to t 0, and the fact that W s 0 , 0  0. We also
have
4.21 V t B  s s.Ž . Ž . Ž . ˙
This integral equation with c 1,  0, and  s replaced by 1 in
Ž .  4.21 was considered in 9 . However, the estimates and results established
 in 9 extend with minor differences to the present case. Thus existence
Ž . Ž . Ž .and uniqueness for a bounded solution V t of 4.20 , 4.21 can be
 established by a fixed point argument. But the analysis in 9 also shows
Ž .that the solution V t is continuous for 0 t T ; hence the same is true
Ž .for  t .˙
Ž . Ž .5. SOLUTION TO EQUATIONS 1.9  1.14
In this section we prove the following.
Ž . Ž .THEOREM 5.1. Assume that 3.5 holds and that R  R 0  R , where0 1
R is any gien positie number larger than R . Then there exists a unique1 s
Ž . Ž . Ž . 1  .solution to problems 1.9  1.14 for 0 t T with R t in C 0, T 
Ž . Ž . 1 . Ž . Ž .C 0, T and  t in C 0, T  C 0, T such that R  R t  R for all0 1
Ž 0 t T. Furthermore, either T  or T , in which case R C 0, T
Ž . Ž .and either R T  R or R T  R .0 1
Ž˙ . Ž .Proof. Define R 0 by 3.7c and set
˙M  R 0  1.Ž .0
For any positive number M introduce the class of functions
˜dR˜ ˜ ˙5.1 A  R t , 0 t T ; R 0  R 0 , 0  R 0 ,Ž . Ž . Ž . Ž . Ž . Ž .M , T ½ dt
d d˜ ˜R t M , R t MŽ . Ž .0 5dt dt 
 where means the Holder coefficient in the definition of Holder¨ ¨
Ž .continuity exponent  , and take T small enough so that, in particular,
˜5.2 R  R t  R if 0 t T ,Ž . Ž .0 1
1
5.3 TM  R 0   0 .Ž . Ž . Ž .Ž .0 4
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˜ Ž .For any R A consider the solution  ,  established in TheoremM , T
˜ ˆŽ Ž . Ž .. Ž . Ž Ž ..3.1 with R t  R t and define a function R t by cf. 1.14
ˆdR ˜Ž .R t2 2 3˜5.4 R   r , t   r dr  t .Ž . Ž . Ž .Ž .˜Hdt Ž . t
ˆ ˜This determines a mapping S: R SR, and we shall prove that
5.5 S A  A ,Ž . M , T M , T
and
5.6 S is continuous,Ž .
provided T is small enough.
Ž . Ž .To prove 5.5 note, by 5.4 , that
ˆdR
 C , if C is independent of M .0 0dt
Ž Ž .. Ž .Also, since  is uniformly bounded by 3.10 , we also have, by 5.4 andt
Ž .3.11 ,
2 ˆd R
 C M , T ,Ž .12dt
Ž .where C M, T depends on M and T in such a way that1
Ž . Ž .lim C M, T  C M, 0  . Therefore,T 0 1 1
ˆdR
1 C M , T T MŽ .1dt 
if T is small enough and
ˆdR tŽ . ˙ ˙ R 0  C M , T t R 0  1MŽ . Ž . Ž .1 0dt
Ž .if T is small enough. This completes the proof of 5.5 .
Ž . 1  To prove 5.6 suppose that R  A , R  R in C 0, T . Thenm M , T m
Ž . Ž .the corresponding  ,  and  ,  satisfym m
sup  t  C , sup  t  CŽ . Ž .˙ ˙m
0tT 0tT
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and, by Theorem 3.1,
 
  C ,   C.m m r  t
It follows that, for a subsequence,
   ,   m m
uniformly and
R Rm 2 2   r dr   r drŽ .Ž .˜ ˜H Hm
 m
  in C 0, T , for any 0  1. Clearly, also
3 3      in C 0, T .m
1   Ž .Hence SR  SR in C 0, T , and the proof of 5.6 follows.m
1  This proof also shows that the set S A lies in C 0, T , so that uponM , T
taking   1 we conclude that S maps A into a compact subset.M , T
We can then apply the Schauder fixed point theorem to deduce that S has
Ž . Ž .a fixed point in A , which is of course a solution of 1.9  1.14 .M , T
Ž .If R  R T  R then we can continue the solution to a larger0 1
1  interval 0 t T T by working with the class of C T , T T1 1
Ž˜ .functions R t satisfying
˜dR dR
R˜ T  R T , T  T ,Ž . Ž . Ž . Ž .
dt dt
d ˜ ˙R t  R T  1, for T t T T ,Ž . Ž . 1dt
d
R˜ t M , for T t T T ,Ž . 1dt 
Ž .and choosing T small enough so that R  R t  R if T t T T .1 0 1 1
The initial values are taken, at t T , to coincide with the values at t T
of the solution already constructed.
Proceeding in this manner step by step, we obtain a global solution
Ž .unless R t happens to decrease to R or to increase to R at a finite0 1
Ž .time. Here, it should be pointed out that, as long as R t remains in the
Ž .interval R , R , the estimates established in Theorem 3.1 do not degen-0 1
Ž . CTerate. Although the constant K in 3.10 grows with T like e , for any
given time interval, say 0 t T , K remains a priori bounded as the0
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solution is extended to this interval. We can therefore extend the solution
Ž Ž . Ž ..in a finite number of steps provided R t remains in the interval R , R .0 1
Ž .We have already proved the regularity of  t as stated in Theorem 5.1.
Ž . Ž . Ž . 1 Ž .To prove that R t is in C 0, T note that, as R t is in C 0, T ,  is
2 , 12 Ž . Ž .in C by the Schauder estimates, so that, by 1.14 , R t is inr , t
C 22. This enables us to assert that  is in C 32, Ž32.2 and thus,r , t
Ž . Ž . 524by 1.14 , that R t is in C . Proceeding in this manner step by step,
Ž . Ž .we deduce that R t is indeed in C 0, T .
It remains to prove the uniqueness. It suffices to prove it for 0 t T0
where T is small enough, for then we can proceed step by step to prove0
global uniqueness.
Ž . Ž .Suppose  , R ,  and  , R ,  are two solutions and let1 1 1 2 2 2
R t min R t , R t .Ž . Ž . Ž .Ž .1 2
Ž .Consider the function     in 0 r R t , 0 t T . If1 2 0
 sup R t  R tŽ . Ž .1 2
0tT
then
5.7  R t , t  C  for 0 t T ,Ž . Ž .Ž . 0 0
where C will denote constants independent of T and  . Since thej 0
Ž .function s sH s  is monotone increasing, we deduce by compari-0
Ž .son and by 5.7 that
5.8  r , t  C  , 0 r R t , 0 t T .Ž . Ž . Ž .0 0
Setting
R 0   0Ž . Ž .

2
Ž .and using 5.8 and parabolic estimates for  in    r   ,0 0
0 t T , for some small positive  , we derive the estimate0 0
25.9   , t    , t     , t  C Ž . Ž . Ž . Ž .t t t 1
for 0 t T .0
Ž .  Consider now the integral equation 4.20 . As proved in 9 , the right-
hand side, which we shall denote by SV, is a contraction mapping; more
precisely,
    5.10 SV  SV  C T V  V .Ž . 'L Ž0 , T . L Ž0 , T .1 2 2 0 1 20 0
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Ž .Using the estimate 5.9 , we can deduce by the same argument as that used
Ž . Ž .to prove 5.10 that a similar bound holds for the solutions of 4.20
corresponding to  and  . Consequently, by means of the transforma-1 2
Ž .tion 4.19 ,
     C T  .'˙ ˙ L Ž0 , T .1 2 3 00
Ž . Ž .If we use this inequality and 5.8 in the equation 1.14 for R , R , we find1 2
that
˙ ˙  R  R  C  .L Ž0 , T .1 2 40
By integration,
   R  R  C T  ,L Ž0 , T .1 2 4 00
so that  0 if C T  1, and thus the two solutions coincide.4 0
1  Remark 5.1. The proof of uniqueness requires only the C 0, T
Ž . Ž .regularity of R t and  t .
Ž .Remark 5.2. Since, by 3.9 ,
    R t , t    t , t  K R t   t ,Ž . Ž . Ž . Ž .Ž . Ž . Ž .0 0
the solution established in Theorem 5.1 has the property that
5.11 R t   t 
 C  0 0 t T ,Ž . Ž . Ž . Ž .0
where C is a positive constant independent of T , c.0
Ž .6. A PRIORI BOUND ON  t˙
Ž .In this section we shall improve the bound 3.11 by showing that the
constant C can be chosen to be independent of T and c. This fact will be1
needed in order to prove that a global solution exists, i.e., that T  in
Theorem 5.1.
Ž .We shall assume, in addition to 3.5 , that
6.1Ž .
2
0 0 0 r   r   r  C
c r  0 ,  0  r R 0 ,Ž . Ž . Ž . Ž . Ž . Ž .Ž .r r rr
where C
 is a positive constant independent of c. This condition strength-
Ž .ens the assumption 3.5f .
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Ž . Ž .  0  1Remark 6.1. The assumptions 3.5 , 6.1 hold if    isC   Ž0., RŽ0.s
 0sufficiently small and  is bounded by C
c , for some positivet0t r
constant C
.
Ž .THEOREM 6.1. Under the additional condition 6.1 , there exist positie
constants c , N such that the solution of Theorem 5.1 satisfies0
6.2  t N for 0 t T ,Ž . Ž .˙
proided 0 c c .0
Proof. As in the proof of Theorem 4.2, the function    satisfiest
c      0,  t  r R t , 0 t T ,Ž . Ž .t
  t , t  0, 0 t T ,Ž .Ž .
 R t , t  g t , 0 t T ,Ž . Ž .Ž .
 r , 0  h r ,  0  r R 0 ,Ž . Ž . Ž . Ž .
and
1
6.3  t    t , t , 0 t T ,Ž . Ž . Ž .Ž .˙ r0
where
˙6.4 R t M ,Ž . Ž . 0
˙6.5 g t  R t , t R t , g t M ,Ž . Ž . Ž . Ž . Ž .Ž .r 1
and
1 2
0 0 0  6.6 h r   r   r   r , h M .Ž . Ž . Ž . Ž . Ž .r r r 2c r
Ž .The constants M are independent of T , c. The estimate 6.4 can bei
Ž . Ž . Ž . Ž .derived from 1.14 and the boundedness of  r, t , R t , and  t ; the
Ž . Ž . Ž . Žestimate in 6.5 follows from 6.4 and the boundedness of  r, t cf.r
Ž . Ž .3.9 ; and the last estimate follows from 6.1 .
Ž .Let V V r ; a, b be the solution of
2
V  V  V 1 for a r b
r
 V  0, V  1.ra rb
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It is given by
6.7Ž .
'1 a cosh  r aŽ .Ž .
V r ; a, b  1Ž . ž / r
' '1 a cosh  b a b sinh  r aŽ . Ž .Ž . Ž .
 1 1ž / ' b r sinh  b aŽ .Ž .
and, as may easily be computed,
V
6.8 0 r ; a, b  CŽ . Ž . 0 r
V V
6.9 r ; a, b  C , r ; a, b  C , for a r b.Ž . Ž . Ž .0 0a  b
Here C is a constant which depends only on , lower bounds of a and0
b a, and an upper bound of b.
Since the function
'b sinh  r aŽ .Ž .
V˜ r ; a, b Ž . 'r sinh  b aŽ .Ž .
satisfies
2˜ ˜ ˜V  V  V 0 for a r b ,
r
˜ ˜ V  0, V  1,ra rb
we obtain, by comparison, that
'b  r aŽ .˜6.10 V r ; a, b 
 V r ; a, b 
Ž . Ž . Ž . 'a sinh  b aŽ .Ž .
and, consequently,
'V a; a, b b Ž .
6.11 
 .Ž . ' r a sinh  b aŽ .Ž .
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Ž .By 6.3 ,
1
 0  h  0Ž . Ž .Ž .˙
0
Ž .and, by 6.1 ,
h  0  C
.Ž .Ž .
 Ž . Hence, if N C  C
 then  0 N and, by continuity,˙1 0
6.12  t NŽ . Ž .˙
˜if 0 t t for some t  0. Denote by t* the supremum of all t such0 0
Ž . ˜that 6.12 holds for all 0 t t. We shall prove that for a certain choice
Ž .of N, independent of c and T , t* is equal to T , which means that 6.12
holds for all 0 t T.
Ž .Suppose the assertion is not true. Then t* T and either  t* N˙
Ž .or  t* N; we take for definiteness˙
6.13  t* N.Ž . Ž .˙
Ž .The case  t* N can be handled in a similar way.˙
Consider the function
V r , t MV r ;  t , R t .Ž . Ž . Ž .Ž .
It satisfies
V 0 on r  t ,Ž .
VM
 on r R t if MM by 6.5 ,Ž . Ž .Ž .1
and
'R 0  r  0Ž . Ž .Ž .
V r , 0 
M  h r  r , 0 ,Ž . Ž . Ž .' 0Ž . sinh  R 0   0Ž . Ž .Ž .Ž .
Ž . Ž . Ž . Ž .for  0  r R 0 , by 6.1 , 6.10 , provided that
'R 0  1Ž .
6.14 M  C
.Ž . ' 0 Ž . sinh  R 0   0Ž . Ž .Ž .Ž . 0
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Ž .Further, with C as in 6.9 ,0
1  V V V
2 ˙cV  r  V cM  R M˙t 2 ž /ž / r  r a  br

cMC NM M 0Ž .0 0
if
1
0 c c  .0 C NMŽ .0 0
Ž .Thus, if MM and M satisfies 6.14 then V is a supersolution to  and,1
by comparison,
V r , t 
 r , t if  t  r R t , 0 t t*.Ž . Ž . Ž . Ž .
Ž .Since V on r  t , it follows that
V  
 t , t 
  t , t for 0 t t*.Ž . Ž .Ž . Ž .
 r  r
Ž .Recalling 6.3 , we conclude that
1 V 1
 t 
 M  t ;  t , R t 
 MC NŽ . Ž . Ž . Ž .Ž .˙ 0  r 0 0
Ž . Ž Ž . Ž . Ž ..by 6.8 here we used 3.7 , 3.8 , and 5.7 , provided that NM is
Ž .sufficiently large. But for t t* this is a contradiction of 6.13 .
7. GLOBAL EXISTENCE
In this section we shall prove the global existence of a solution to
Ž . Ž .4.9  4.11 , namely that T  in Theorem 5.1.
We introduce the functions
7.1Ž .
 R tŽ .
A t  ,Ž . ' ' 'sinh  R t   t    t cosh  R t   tŽ . Ž . Ž . Ž . Ž .Ž . Ž .Ž . Ž .
7.2Ž .
A tŽ . ' ' 'u r , t  sinh  r  t    t cosh  r  t .Ž . Ž . Ž . Ž .Ž . Ž .Ž . Ž .
r
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Ž . Ž .LEMMA 7.1. Assume that 3.5 , 6.1 hold. There exists a constant C
independent of T and c such that
 t c7.3  r , t  u r , t  C c e ,Ž . Ž . Ž . Ž .
for  t  r R t , 0 t T ,Ž . Ž .
and
 t c'7.4  A t    C c e , for 0 t T .Ž . Ž . Ž .0
Proof. One can easily verify that
u u 0 if  t  r R t , 0 t T ,Ž . Ž .
 u
 t , t  0, u R t , t   , 0 t T .Ž . Ž .Ž . Ž .
 r
Also,
7.5Ž .
R˙ t A t uŽ . Ž . 'u  u  t  t sinh  r  t  A tŽ . Ž . Ž . Ž .Ž .˙ Ž .t R t r  R tŽ . Ž .
' ' '  cosh  R t   t   t sinh  R t   tŽ . Ž . Ž . Ž . Ž .Ž . Ž .Ž . Ž .½
˙ ' ' R    cosh  R t   t  t .Ž . Ž . Ž .Ž .˙ ˙Ž .Ž . 5
Since the function
1 ' ' 'sinh  r  t    t cosh  r  tŽ . Ž . Ž .Ž . Ž .Ž . Ž .
r
is monotone increasing in r,
' ' 'sinh  R t   t    t cosh  R t   tŽ . Ž . Ž . Ž . Ž .Ž . Ž .Ž . Ž .
R tŽ . '
   tŽ .
 tŽ .
so that

0 A t  .Ž . '
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' 'Ž Ž Ž . Ž ...  4Then, after cancelling out the terms  cosh  R t   t  in  in˙
Ž .7.5 , we get
R˙ tŽ . ' ' u      t  t sinh  R tŽ . Ž . Ž .Ž .˙ Žt R tŽ .
 ˙' ' '  cosh  R t  R t sinh  R t R tŽ . Ž . Ž . Ž .Ž . Ž .' R tŽ .
 ' R t sinh  R t  t  CŽ . Ž . Ž .˙Ž .' R tŽ .
by Theorem 6.1. Consequently,
 cu  u u  Cc if  t  r R t , 0 t T .Ž . Ž .t
Applying the maximum principle to
C c e t c   u ,Ž . Ž .
Ž . Ž . Ž .the assertion 7.3 follows. Taking r  t in 7.3 , we get the estimate
Ž .7.4 .
We recall some facts from Section 2 which we shall state in terms of the
functions
G  ,   sinh     cosh     ,Ž . Ž . Ž .
F  ,     cosh     1 sinh  Ž . Ž . Ž . Ž . Ž .
a 
3 3 3      .Ž .
3 3
Ž Ž ..Setting    , we can solve for G 0 to get see 2.8
 sinh 
    ,Ž .
cosh  
7.6Ž .
 cosh  sinh 
    ,Ž .
cosh  
and   0,  0. A stationary solution is determined by the equation
Ž . Ž . Ž .f   0 where f  is defined in 2.12 and
7.7 f   F   ,   .Ž . Ž . Ž . Ž .Ž .
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From the proof of Theorem 2.9 we have
d f Ž .
 0,     ,1 23d  Ž .Ž .
Ž . Ž .and upon writing    ,    we then also have
d F  ,  Ž .Ž .
7.8  0.Ž . 3d  Ž .Ž .
Ž . Ž .THEOREM 7.2. If 3.5 , 6.1 hold then the solution established in Theo-
rem 5.1 exists for all t 0 proided that c is sufficiently small.
Proof. If the assertion is not true then T  and either
7.9 R T  RŽ . Ž . 1
or
7.10 R T  R .Ž . Ž . 0
Ž . Ž .Consider the case 7.9 . Since R t  R for all t T , we have1
˙7.11 R T 
 0.Ž . Ž .
Ž . Ž .Using 7.3 in 1.14 we get
1Ž .R t2 2 3 3 3˙R t R t  u r , t r dr  R t   t   tŽ . Ž . Ž . Ž . Ž . Ž .˜ Ž .H 3Ž . t
 C c e t c R3 t   3 tŽ . Ž . Ž .Ž .
A tŽ . ' '  R t   t cosh  R t   tŽ . Ž . Ž . Ž .Ž . Ž .Ž .

' R t  t  1 sinh  R t   tŽ . Ž . Ž . Ž .Ž . Ž .Ž .
1
3 3 3  t c  R t   t   t  C c e .Ž . Ž . Ž . Ž .˜ Ž .
3
Ž .Recalling 7.4 and setting
' ' t   R t ,  t    t ,Ž . Ž . Ž . Ž .
we obtain the inequality
2  t c t  t    C c e  t   t cosh  t   tŽ . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .˙ 0
  t  t  1 sinh  t   tŽ . Ž . Ž . Ž .Ž . Ž .
1
3 3 3  t c   t   t   t  C c eŽ . Ž . Ž . Ž .˜ Ž .
3
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or
7.12  2 t  t   F  t ,  t  C c e t c .Ž . Ž . Ž . Ž . Ž . Ž .Ž .˙ 0
Ž .The estimate 7.4 also yields
sinh  t   t   t cosh  t   t   tŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž .
 C c e t c ,Ž .
i.e.,
 t c7.13 G  t ,  t  C c e .Ž . Ž . Ž . Ž .Ž .
Now set
   t ,    T , G  ,  .Ž . Ž . Ž .0 0 0 0
Ž . Ž .It follows easily from 6.4 and 7.9 that
R  R 0Ž .1
T
 .
M0
Ž . Ž .Hence, by 7.12 , 7.13 ,
2  7.14   T   F  ,   Cc,   Cc.Ž . Ž . Ž .˙0 0 0 0
Ž .From the equation G  ,   0 and the fact that G 	 0 it follows, by thes s 
implicit function theorem, that if c is sufficiently small, then we can solve,
 for any ,   Cc, the equation
G  ,   Ž .
Ž .uniquely for  near  , in the form   ,  where  is continuouslys
Ž . Ž .differentiable and   , 0   . In particular,   ,    .s s 0 0'Setting    R , we haves s
F  ,   , 0 f Ž . Ž .Ž .s s s  0,3 3  , 0Ž . sŽ .s
1Ž . Ž . Ž Ž .. Ž .where     and     see 7.6 . Consequently, by 7.8 ands s s s
Ž .the fact that    since R  R , we get0 s 1 s
F  ,   , 0   0,  is independent of c.Ž .Ž .0 0 0 0
By continuity it then follows that, for sufficiently small c,
  F  ,   ,   Cc 0, since   Cc,Ž .Ž .0 0 0
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i.e.,
 F  ,   Cc 0.Ž .0 0 0
Ž . Ž . Ž .Using this in 7.14 we conclude that  T  0, a contradiction to 7.11 .˙
˙Ž . Ž .Similarly, if 7.10 holds then R T  0, but by using Lemma 7.1 and
˙Ž . Ž .1.14 as before we can deduce, by the previous arguments, that R T  0,
which is a contradiction.
8. ASYMPTOTIC BEHAVIOR
Ž . Ž .We extend, by 2.1 ,  r also to r R .s s
In this section we prove that the global solution established in Theorem
7.2 converges to the corresponding stationary solution.
LEMMA 8.1. Under the assumptions of Theorem 7.2, for any   0 and0
0   , if0
8.1 R t  R   ,  t     ,Ž . Ž . Ž .s s
˙8.2 R t   ,  t   ,Ž . Ž . Ž .˙
8.3  r , t   r   ,Ž . Ž . Ž .s
Ž . Ž .for all  t  r R t , t 0, and if 0 c c for some sufficiently small0
positie number c independent of  , then there exist positie constants C, K0
such that
8.4 R t  R  Cc ,  t    Cc ,Ž . Ž . Ž .s s
˙8.5 R t  Cc ,  t  Cc ,Ž . Ž . Ž .˙
8.6  r , t   r  Cc ,Ž . Ž . Ž .s
1Ž . Ž .for  t  r R t , t
 1 Kc log . C and K are independent of  , c.
c
Proof. Proceeding as in the proof of Lemma 7.1, we can establish that
 t c r , t  u r , t  C c e ,Ž . Ž . Ž .
 t c' A t    C c e ,Ž . Ž .0
Ž . Ž .for  t  r R t , t
 0, so that
 r , t  u r , t  Cc ,Ž . Ž .
8.7Ž . ' A t    Cc ,Ž . 0
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Ž . Ž . Ž .if  t  r R t , t
 1, with another constant C. Using this in 1.14 we
get
28.8  t  t  F  t ,  t  CcŽ . Ž . Ž . Ž . Ž .Ž .˙ 0
8.9 G  t ,  t  CcŽ . Ž . Ž .Ž .
for t
 1. Set
8.10  t G  t ,  t .Ž . Ž . Ž . Ž .Ž .
Ž . Ž .As in the proof of Theorem 7.2, we can express, from 8.10 ,  t in terms
Ž . Ž .of  t and  t as
8.11  t    t ,  t .Ž . Ž . Ž . Ž .Ž .
Moreover,
d F  ,   ,  tŽ .Ž .Ž .
8.12  0Ž . 3d   ,  tŽ .Ž .Ž .
Ž Ž Ž ... 0and F ,  ,  t has a unique zero   sufficiently near  , Ž t . s
provided that c is small enough.
Ž . Ž .Substituting 8.11 into 8.8 we get
2
 t  t   F  t ,   t ,  t  Cc if t
 1,Ž . Ž . Ž . Ž . Ž .Ž .Ž .˙ 0
Ž Ž .. Ž  .and then using 8.12 we deduce cf. 8, Lemma 5.4 that
8.13  t    Cc if t
 1Ž . Ž . s
or, equivalently,
8.14 R t  R  Cc if t
 1.Ž . Ž . s
Ž .Next, since     , 0 ,s s
 t      t ,  t    , 0  C  t     t ,Ž . Ž . Ž . Ž . Ž . Ž .Ž .s s s
Ž . Ž . Ž .and using 8.13 and Eqs. 8.10 , 8.9 , we get
8.15  t    Cc ,Ž . Ž . s
or
8.16  t    Cc if t
 1.Ž . Ž . s
Ž .This completes the proof of 8.4 .
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Ž . Ž . Ž .If we substitute 8.13 , 8.15 into 8.8 , we get
 t  CcŽ .˙
or
˙8.17 R t  Cc if t
 1.Ž . Ž .
Ž .We next claim that the second inequality in 8.5 also holds, namely,
1
8.18  t  Cc if t 1 Kc log ,Ž . Ž .˙
c
where K is a positive constant independent of c,  .
Ž .To prove this estimate note that, by 6.3 ,
1
8.19  t    t , t ,Ž . Ž . Ž .Ž .˙ r0
where    . Also,t
  t , t  0Ž .Ž .
Ž .and, by 8.17 ,
˙ R t , t   R t , t R t  Cc .Ž . Ž . Ž .Ž . Ž .r
Hence, by the maximum principle,
Cc Ce t c   
 0 if  t  r R t , t
 1.Ž . Ž .
It follows that
c 1
   2Cc if  t  r R t , t t  log .Ž . Ž . 1  c
Now, by Theorem 6.1 and the proof of Theorem 4.1,
Ž j. t  C if t
 1 j 1, 2 .Ž . Ž .
 We can therefore apply the interior-boundary Schauder estimate 10, 14
to c to deduce that
 
 C at r  t , t t  1.Ž . 1 r c
Ž . Ž .Substituting this into 8.19 , the proof of 8.18 is complete.
Ž . Ž . Ž .Finally, 8.6 follows from 8.7 and 8.4 .
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Having proved Lemma 8.1 we can now apply it with some  C . If we0
1 Ž Ž . Ž ..then choose c small enough so that Cc Cc is as in 8.4  8.6 we find2
Ž . Ž .that the assumptions 8.1  8.3 hold with 2 and t
 t where1
1
t  Kc log .1 c2
Repeating this process with 2 and initial time t t , then with 221
and t t , etc., we arrive after n steps at the estimates2
 
R t  R  ,  t    ,Ž . Ž .s sn n2 2
 
R˙ t  ,  t  ,Ž . Ž .˙n n2 2

 r , t   r  ,Ž . Ž .s n2
for
t
 t  t  t  T1 2 n n
12But for T  t T  t we have K n c log 
 t for some positiven n n1 0 c
constant K , so that0
 12 Ž tŽc log 1 c.. Cen2
for some  0. We thus conclude the following.
Ž . Ž .THEOREM 8.2. If 3.5 , 6.1 hold and if c is sufficiently small, then
Ž . , R,  conerges to the stationary solution as t . More precisely,
' ' t  t0 0R t  R  Ce ,  t    Ce ,Ž . Ž .s s
' ' t  t0 0R˙ t  Ce ,  t  Ce ,Ž . Ž .˙
' t0 r , t   r  Ce ,Ž . Ž .s
1 1Ž . Ž . Ž .for  t  r R t , t 0, where    c log and C,  are positie0 c
constants independent of c.
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CONCLUSION
In this paper we considered a model of a necrotic tumor with a spherical
Ž . Ž . Ž .necrotic core of radius r  t surrounded by a shell  t  r R t of
proliferating life-cells. The nutrient concentration satisfies a diffusion
equation which incorporates the vascularized structure as well as apopto-
Ž . Ž .sis. The free boundaries r  t and r R t satisfy a conservation of
Ž .mass law that includes the effect of cell proliferation in the shell  t  r
Ž . R t and shrinkage due to necrosis. We have proved by rigorous
mathematical methods that, for a certain range of parameters, there exist
Ž .stationary solutions dormant tumors with radii, say,  and R . Further,s s
any such dormant tumor is stable in the following sense: for any initial
data ‘‘near’’ the stationary solution, there exists a unique global solution of
Ž . Ž .the time evolution problem, and its radii  t and R t converge to the
radii  and R , respectively, as t .s s
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